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MATRIX FACTORIZATIONS AND REPRESENTATIONS OF QUIVERS II: 

TYPE ADE CASE 

HIROSHIGE KAJIURA, KYOJI SAITO, AND ATSUSHI TAKAHASHI 

Abstract. Wc study a triangulated category of graded matrix factorizations for a polyno- 
mial of type ADE. We show that it is equivalent to the derived category of finitely generated 
modules over the path algebra of the corresponding Dynkin quiver. Also, we discuss a spe- 
cial stability condition for the triangulated category in the sense of T. Bridgeland, which is 
naturally defined by the grading. 
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1. Introduction 

The uniyersal deformation and the simultaneous resolution of a simple singularity are 
described by the corresponding simple Lie algebra (Brieskorn |Bsj ) . Inspired by that theory, 
the second named author associated in |Sa2j . [5a4] a generalization of root systems, consisting 
of yanishing cycles of the singularity, to any regular weight systems |Salj . and asked to 
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construct a suitable Lie theory in order to reconstruct the primitive forms for the singularities. 
In fact, the simple singularities correspond exactly to the weight systems having only positive 
exponents, and, in this case, this approach gives the classical finite root systems as in |Bsj . 
As the next case, the approach is worked out for simple elliptic singularities corresponding 
to weight systems having only non-negative exponents, from where the theory of elliptic Lie 
algebras is emerging |Sa2j . However, the root system in this approach in general is hard to 
manipulate because of the transcendental nature of vanishing cycles. Hence, he asked f |Sa4j . 
Problem in p. 124 in English version) an algebraic and/or a combinatorial construction of the 
root system starting from a regular weight system. 

In |T2j . based on the mirror symmetry for the Landau-Ginzburg orbifolds and also based 
on the duality theory of the weight systems |Sa3j . [TT| . the third named author proposed a new 
approach to the root systems, answering to the above problem. He introduced a triangulated 
category D^{Af) of graded matrix factorizations for a weighted homogeneous polynomial / 
attached to a regular weight system and showed that the category D^{Af) for a polynomial of 
type Ai is equivalent to the bounded derived category of modules over the path algebra of the 
Dynkin quiver of type Ai. He conjectured ( |T2j . Conjecture 1.3) further that the same type 
of equivalences hold for all simple polynomials of type ADE. The main goal of the present 
paper is to answer affirmatively to the conjecture. 

One side of this conjecture: the properties of the category of modules over a path al- 
gebra of a Dynkin quiver are already well- understood by the Gabriel's theorem |Gaj . which 
states that the number of the indecomposable objects in the category for a Dynkin quiver co- 
incides with the number of the positive roots of the root system corresponding to the Dynkin 
diagram. The other side of the conjecture: the triangulated categories of (ungraded) matrix 
factorizations were introduced and developed by Eisenbud jEj and Knorrer [K] in the study of 
the maximal Cohen-Macaulay modules. Recently, the categories of matrix factorizations are 
rediscovered in string theory as the categories of topological D-branes of type B in Landau- 
Ginzburg models (see |KLlj . [RL2j ). The category D^{Af) of graded matrix factorizations is 
then motivated by the work on the categories of topological D-branes of type B in Landau- 
Ginzburg orbifolds (/, Z//iZ) by Hori-Walcher |HWj . where the orbifolding corresponds to 
introducing the Q-grading. In fact, in |T2j . the triangulated category D^{Af) is constructed 
from a special Aoo-category with Q-grading via the twisted complexes in the sense of Bondal- 
Kapranov |BKj . Independently, D. Orlov defines a triangulated category, called the category 
of graded D-branes of type B, which is in fact equivalent to D^{Af) (see the end of subsection 
12 . 2|) . Though some notions, for instance the central charge of the stability condition (see sec- 
tion can be understood more naturally in D^{Af), the Orlov's construction of categories 
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requires less terminologies and is easier to understand in a traditional way in algebraic geom- 
etry. Therefore, in this paper we shall use the Orlov's construction with a slight modification 
of the scaling of degrees and denote the modified category by HMF^j^{f). 

Let us explain details of the contents of the present paper. In section |21 we recall 
the construction of triangulated categories of matrix factorizations. Since we compare the 
category HMF^{f) with the ungraded version HMFo{f) in the proof of our main theorem 
fTheorem l3.1|) . we first introduce the ungraded version HMFq^J) corresponding to that given 
in |01j in subsection 12.11 and then we define the graded version HMFfl{f) based on |02j in 
subsection 12. 2| where we also explain the relation of the category HMF^^{f) with the category 
D^{Af) introduced in |T2j . Section El is the main part of the present paper. In subsection 
13.11 we state the main theorem f Theorem 13. 1|) : for a polynomial / of type ADE, HMFf[{f) 
is equivalent as a triangulated category to the bounded derived category of modules over the 
path algebra of the Dynkin quiver of type of /. Subsection 13.21 is devoted to the proof of 
Theorem 13.11 The proof is based on various explicit data on the matrix factorizations; the 
complete list of the matrix factorizations (Table their gradings (Table |21) and the complete 
list of the morphisms in HMF^ (f) (Table 121) • The tables are arranged in the final section 
(sectional). In section HI we construct a stability condition, the notion of which is introduced 
by Bridgeland |Bdj . for the triangulated category HMFf[ (f). One can see that, as in the 
Ai case |T2j . the phase of objects (see Theorem 13.61 or Table |2) and the central charge Z 
(Definition 14. ip can be naturally given by the grading of matrix factorizations in Table |21 (c.f. 
|Wj). They in fact define a stability condition on HMF^{f) f Theorem 14. 2|) . from which 
an abelian category is obtained as a full subcategory of HMF^{f). In Proposition 14.31 we 
show that this abelian category is equivalent to an abelian category of modules over the path 
algebra CAprindpai, where Aprmdpai is the Dynkin quiver with the orientation being taken to 
be the principal orientation introduced in |Sa5j . In the appendix, we include another proof 
of Theorem 13.11 bv K. Ueda. 

Acknowledgement : We are grateful to M. Kashiwara and K. Watanabe for valuable 
discussions. This work was partly supported by Grant-in Aid for Scientific Research grant 
numbers 16340016, 17654015 and 17740036 of the Ministry of Education, Science and Culture 
in Japan. H. K is supported by JSPS Research Fellowships for Young Scientists. 

2. TRIANGULATED CATEGORIES OF MATRIX FACTORIZATIONS 

In this section, we set up several definitions which are used in the present paper. The 
goal of this section is the introduction of the categories HMF^if) and HMF^^[f) attached 
to a weighted homogeneous polynomial / G A following |01j . |02j with slight modifications. 
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2.1. The triangulated category HMFA{f) of matrix factorizations. 

Let A be either the polynomial ring R := C[x, y, z\, the convergent power series ring O : = 
C{a;, z} or the formal power series ring O := C[[x, y, z]] in three variables x, y and 2;. 

Definition 2.1 (Matrix factorization). For a nonzero polynomial / G A, a matrix factoriza- 
tion M of / is defined by 



Pn 



po 



Pi 



Pi 



where Pq? Pi are right free A- modules of finite rank, and Pq : Pq ^ Pi, pi : Pi ^ Po are 
A-homomorphisms such that piPo = / ■ idp^ and popi = / ■ idp^. The set of all matrix 
factorizations of / is denoted by MFA{f). 

Since popi and pipo are / times the identities, where / is nonzero element of A, the rank 
of Pq coincides with that of Pi. We call the rank the size of the matrix factorization M. 

po 

Definition 2.2 (Homomorphism). Given two matrix factorizations M := (Pq^^^Pi ) and 



pi 



Po 



M' := ( Pq Pi' ), a homomorphism $ : M 
p'l 



P' 



0o:Po 

such that the following diagram commutes: 

Po 



M' is a pair of A-homomorphisms $ 

01 : Pi ^ p; , 



^0,<PlJ 



Po 



P' 



Po 



Pi 



Pi 



Pi 



Pi 



Pn 



P' 



The set of all homomorphisms from M to M', denoted by HomMF^(/)(^; M'), is naturally an 
74-module and is finitely generated, since the sizes of the matrix factorizations are finite. For 
three matrix factorizations M, M', M" and homomorphisms $ : M — M' and $' : M' M", 
the composition $'$ is defined by 



This composition is associative: $"($'$) = ($"$')$ for any three homomorphisms. 

Definition 2.3 (HMFA{f))- An additive category HMFA{f) is defined by the following 
data. The set of objects is given by the set of all matrix factorizations: 

Oh{HMFA{f)) := MFAif) . 

For any two objects M, M' G MFA{f), the set of morphisms is given by the quotient module: 

RomHMFMf)iM,M') := RomMF^{f){M, M')/ ~ , 
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where two elements $, $' in llomMFA{f)i^^ ^'^^ equivalent (homotopic) $ ~ $' if there 
exists a homotopy [ho, hi), i.e., a pair {ho,hi) : [Pq — > PI, Pi Pq) of A-homomorphisms 
such that $' — $ = {p[ho + hipo, p'^hi + hopi). The composition of morphisms on RornHMFAif) 
is induced from that on HomMF^(/) since $ ~ $' and v]> ^ v]/' imply ^$ ~ \&'<l>'. 

Po 

Note that the matrix factorization M = (Po'^=^-Pi) ^ MFA_{f) of size one with 
(Po^Pi) = (1;/) or {po,Pi) = (/, 1) defines the zero object in HMFA{f), that is: one has 
B.omHMFA{f){^y M') = Homn MFA{f){^' J ^) = for s-iiy matrix factorization M' G MFA^f) 
or, equivalently, id^/ G HomMF^(/)(M, M) is homotopic to zero. 



Lemma 2.4. For any two matrix factorizations M,M' G HMF^if) , the space of morphisms 
Hom/^MFA(/)(^) finitely generated Aj -module. 

Proof. Since HomMFA(/)(M, M') is a finitely generated A-module and the equivalence re- 
lation ~ is given by quotienting out by an A-submodule, Homj|^MFA(/)(^! is also a 
finitely generated A-module. On the other hand, the Jacobi ideal annihilates 

Hom^^MFA(/)(^>^'): that is, §^(0o,0i) ~ |^ (0o, 0i) ~ |^(0o,0i) ~ for any mor- 
phism $ = (00, 0i). This can be shown for instance by differentiating pip^ = f ■ idp^ 
and popi = / ■ idp^ by Then we have two identities ^Po + = % ' ^^Po 

^Pi +Po^ = If ■ idpj. Multiplying 0o and 0i by these two identities, respectively, leads 
to ^ (00; 0i) ~ 0, where {4>i^i 0o^) is the corresponding homotopy. In a similar way one 
can obtain |^ (0o, 4>i) ~ |{ (0o, 4>i) ~ 0. □ 

Definition 2.5 (Shift functor). The shift functor T : HMFaU) ^ HMFaU) is defined as 

Po 

follows. The action of T on M = ( A ) e HMFA{f) is given by 



pi 



t(Po 



po \ / -pi 

Pi := Pi ^ Po 



Pl / \ -PO 

For any M, M' G HMFaU)^ the action of T on $ = (0o, 0i) e HomHAfFA{/)(^, is given 
by 

T(0o, 0i) := (01, 0o) • 



Note that the square of the shift functor is isomorphic to the identity functor on 
HMFaU)- 
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Definition 2.6 (Mapping cone). For an element $ = (0o5 0i) ^ Homjw'^^(j)(M, M'), the 
mapping cone C($) G MFA^f) is defined by 

C() 



C{(^) ■= Co Cl , where 



l>i \ -Po 



Co:=Pi®Po, Ci:=Po®P[, Co:= 1, Ci 



The following is stated in |01j Proposition 3.3. 

Proposition 2.7. The additive category HMFA^f) endowed with the shift functor T and 
the distinguished triangles forms a triangulated category, where a distinguished triangle is a 
sequence of morphisms which is isomorphic to the sequence 

M ^ M' C($) ^ T(M) 

for some M, M' e MFA^f) and $ G HomMFA(/)(M, M'). 

Proof. The proof is the same as the proof of the analogous result for a usual homotopic 
category (see e.g. [HMj . jKH]). □ 

2.2. The triangulated category HMF^^{f) of graded matrix factorizations. 

In this subsection, we study graded matrix factorizations for a weighted homogeneous poly- 
nomial / and construct the corresponding triangulated category, denoted by HMF^^{f). 

A quadruple W := (a, 6, c; h) of positive integers with g.c.d(a, 6, c) = 1 is called a weight 
system. For a weight system W , we define the Euler vector field E = Ey/ by 

^ ad h d c d 
h dx dy h dz 

For a given weight system W, R becomes a graded ring by putting deg(x) = ^, deg{y) = ^ 
and deg(z) = Let R = (B^i^z^^^Rd be the graded piece decomposition, where Rd := {/ G 
R I 2Ef = df} . A weight system W is called regular f |Salj ) if the following equivalent 
conditions are satisfied: 

(a) Xw(T) := T~^ ^^^~J^]j^^~y^^_~^ ^ has no poles except at T = 0. 

(b) A generic element of the eigenspace i?2 = {/ G -R | Ef = /} has an isolated critical 
point at the origin, i.e., the Jacobi ring R/ is finite dimensional over C. 

Such an element / of R2 as in (b) shall be called a polynomial of type W. 

In the present paper, by a graded module, we mean a graded right module with degrees 
only in |Z. Namely, a graded i?-module P decomposes into the direct sum: 

P = ®delzPd. (2.1) 

h 
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For two graded i?-modules P and P', a graded i?-homomorphism (f) of degree s G |Z is an 
i?-homomorphism (p : P ^ P' such that (f){Pd) C P^^g for any d. The category of graded 
i?-modules has a degree shifting automorphism r defined by ^ 



{r{P)) 



h 

For any two graded i?-modules P, P' and a graded P-homomorphism : P — > P', we denote 
the induced graded P-homomorphism by r(0) : r(P) t{P')- On the other hand, an P- 
homomorphism : P — ^ P' of degree ^ induces a degree zero P-homomorphism from P to 
r'"(P'), which we denote again by : P — * r'"(P'). 

Definition 2.8 (Graded matrix factorization). For a polynomial / of type W, a graded matrix 
factorization M of / G P is defined by 



~ / ^ Po _ 



where Pq, Pi are free graded right P-modules of finite rank, pq : Pq ^ Pi is a graded P- 
homomorphism of degree zero, pi : Pi — Pq is a graded P-homomorphism of degree two such 
that piPo = f ■ idp^^ and popi = / ■ idp^. The set of all graded matrix factorizations of / is 
denoted by MFl[[f). 

Definition 2.9 (Homomorphism). Given two graded matrix factorizations M, M' G MF^{f), 
a homomorphism $ = (00, 0i) : M M' is a homomorphism in the sense of Definition 12.21 
such that 00 and 0i are graded P-homomorphisms of degree zero. The vector space of all 
graded P-homomorphisms from M to M' is denoted by Hom^p9'-(j)(M, M'). 

For three graded matrix factorizations M, M' , M" G MF^{f) and morphisms $ : 
M — *• M', $' : M' — > M", the composition is again a graded P-homomorphism: $'$ G 

HomMi.-(/)(M,M")- 

Definition 2.10 (ifMP|[(/)). An additive category HMF^^[f) of graded matrix factoriza- 
tions is defined by the following data. The set of objects is given by the set of all graded 
matrix factorizations: 

Oh{HMF%U)) ■■= MF![{f) . 
For any two objects M, M' G MFf[{f), the set of morphisms is given by 

BomHMF%^if){M,M') := HomMF|'-(/)(M, M')/ ~ , 

where two elements $, $' in Hom^^9'-(j)(M, M') are equivalent $ ~ $' if there exists a 
homotopy, i.e., a pair {hQ,hi) : (Po Pi, Pi Pq) of graded P-homomorphisms such that 



^This T is what is often denoted (for instance 13,102]) by (1), i.e. , t(P) P(l). 
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ho is of degree minus two, hi is of degree zero and — $ = {T^^{p'i)ho + hipQ,p'Qhi + T'^{ho)pi). 
The composition of morphisms is induced from that on Homjv^^9'-(-j)(M, M'). 

A graded matrix factorization is the zero object in HMF^^{f) if and only if it is a 
direct sum of the graded matrix factorizations of the forms ( (R) r"" (R) ) G MFfl{f) 

and ( T'"[R)J^T'^'+h(^R) ) G MFl[{f) for some n,n' G Z. 
Lemma 2.11. The category HMF^^{f) is Krull- Schmidt, that is, 

(a) for any two objects M,M' G HMF^^{f), B.omjj;^^p3^(^j-j{M , M') is finite dimensional; 

(b) for any object M G HMF^^{f) and any idempotent e G Homj|^A/^s^'-(j)(M, M), there exists 
a matrix factorization M' G HMF^^{f ) and a pair of morphisms $ G Homj|^^^9^'(j)(M, M'), 
$' G Y{om.HMF%{f){M' ^ M) such that e = and = id^^,. 

Proof, (a) Due to Lemma Q)neziiomjjMpg^(^j^{M,T"-{M')) is a finitely generated graded 
R/ ^1^, 1^, 1^ j-module. Since the Jacobi ring R/ ^|^, is finite dimensional, the space 

}iomjj;^,fp3r(^j^[M , M') is finite dimensional over C. 

(b) Let i?+ be the maximal ideal of R of all positive degree elements. Note that 
any graded matrix factorization is isomorphic in HMF^^{f) to a graded matrix factoriza- 
tion whose entries belong to r"(-R+) for some n G Z. Thus, we may assume that M : = 

^ Po ^ ^ 

( Pq ) G HMF^j^{f) is such a graded matrix factorization. Suppose that M has an idem- 

potent e G Hom^j;,/p9^'-(j)(M, M), = e. This implies that there exists e G Homjv^^9r^yj(M, M) 
such that 

e2 - e = (r-'^(pi)/io + /^iPo, Po/^i + r''iho)pi) (2.2) 
for some homotopy {ho, hi) on Homj:^^/j7'9j'-(/)(M, M). However, since each entry of po and 
Pi belongs to t"'{Rj^), each entry in the right hand side also belongs to t"'{R+). Let tt : 
Hom^;;'9'-(j)(M, M) Hom^^9'-(j)(M, M) be the canonical projection given by restricting 
each entry on = C. Then, eq. fl2.2j) in fact implies that vr(e)^ — 7r(e) = 0. Thus, for 

7r(e) =: (eo,ei), defining a matrix factorization M' G HMF^^{f) by 



:= ( eoPo eiPi 

\ eopiei 



one obtains a pair of morphisms $ G Homj|^jv,/^9r(.jj(M, M') and $' G Homj|^^/^9r-^y^(M', M) 
such that e = and = idj^,. □ 

One can see that r induces an automorphism on HMF^^[f), which we shall denote 
by the same notation r : HMF^^{f) HMF^^^f). Explicitly, the action of r on M = 
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( Po ^ Pi ) e HMF^^{f) is given by 

A ^0 ft ) - ( -(ft») ^ -(ft; 

The action of r on morphisms are naturally induced from that on graded i?-homomorphisms 
between two graded right -R-modules. 

Also, we have the shift functor T on HMFfi[f), the graded version of that in Definition 

Hi 2 

Definition 2.12 (Shift functor on iJMFf[(/)). The shift functorT : HMF^j^{f) HMF%{f) 
is defined as follows. The action of T on M G HMF^j^{f) is given by 



_ Po ~ \ / ^ ~ 



Pi 



For any M, M' E HMF%{f), the action of T on $ = (0o,0i) e B.om.HMF%(f){M , M') is 
given by 

T(0o,</.i) :=(0i,r'^(0o)) . 



We remark that the square of the shift functor is not isomorphic to the identity 
functor on iJMFf[(/) but = t^. 

Definition 2.13 (Mapping cone). For an element $ = (0o;0i) ^ Hom^^9'-(-j)(M, M'), the 
mapping cone C($) G MF^{f) is defined by 

CO 



C($) := ( Co ^ C 



1 ' 



, where 



-Pi 0\ f-r^iPo) 



Co:=Pi©P^ C, := r\Po) ® P[ , Cq := 1, Ci . 



This mapping cone is well-defined. In fact, one can see that the degree of cq and ci 
are zero and two, since the graded P-homomorphisms pi : Pi ^ Pq of degree two and 
Po : -Po ^ Pi of degree zero induce graded P-homomorphisms —pi : Pi t''(Po) of degree 
zero and — r'*(po) : r^(Po) Pi of degree two, respectively. 

The following is stated in |02j Proposition 3.4. 

^The shift functor T is often denoted by [1]. 
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Theorem 2.14. The additive category HMF^^{f) endowed with the shift functor T and the 
distinguished triangles forms a triangulated category, where a distinguished triangle is defined 
by a sequence isomorphic to the sequence 

M ^M' ^ C($) ^ T(M) 

for some M, M' E MF^''{f) and $ G HomMF|'-(/)(M, M'). 

Proof. As in the case for HMF^lf), the proof is the same as the proof of the analogous 
result for a usual homotopic category (see e.g. |GMj . |KSp . □ 

^ — ^ Po ^ 

Let M = ( Pq=^^ ) G HMF^^[f) be a graded matrix factorization of size r. One 

can choose homogeneous free basis (61, ■ ■ ■ , 61, ■ ■ ■ ,K) such that Pq = biR © ■ ■ ■ © brR and 
Pi = biR(B- ■ -(BbrR. Then, the graded matrix factorization M is expressed as a pair [Q, S) of 
2r by 2r matrices, where S is the diagonal matrix of the form S := diag(si, ■ ■ ■ , s^; Si, ■ ■ ■ , s^) 
such that Si = deg(6j) and Sj = deg(6j) — 1 for z = 1, 2, ■ ■ ■ , r and 

Q=l^ '^l , e Mat,(i?) (2.3) 

oy 

satisfying 

= / ■ l2r , -5g + QS + 2EQ = Q . (2.4) 
We call this 5* a grading matrix of Q. This procedure M (Q, S) gives the equivalence 
between the triangulated category HMF^^{f) and the triangulated category D^{Af) in |T2j . 
This implies that HMF^^{f) is an enhanced triangulated category in the sense of Bondal- 
Kapranov |BKj . 

■ — ^ PO ^ 

We shall represent the matrix factorization M = ( P^"^^ Pi ) by (Q, 5"). 

3. HMF^^{f) FOR TYPE ADE and representations of Dynkin quivers 

In this section, we formulate the main theorem (Theorem 13. 1|) of the present paper in 
subsection 13.11 The proof of the theorem is given in subsection 13.21 

3.1. Statement of the main theorem (Theorem 13. ip . 

The main theorem states an equivalence between the triangulated category HMF^^ (/) for 
a polynomial / G P of type ADE with the derived category of modules over a path algebra 
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of a Dynkin quiver. In order to formulate the results, we recall (i) the weighted homogeneous 
polynomials of type ADE and (ii) the notion of the path algebras of the Dynkin quivers. 

(i) ADE polynomials. For a regular weight system W, we have the following facts |Salj . 

(a) There exist integers mi, ■ ■ ■ ,mi, called the exponents of W, such that xw(T) = T™^ + 
. . . _l_ j'm^ where the smallest exponent is given hj e := a + b + c — h. 

(b) The regular weight systems with e > are listed as follows. 

Ar. {l,bj + l- b;l + l) ,l<b<l , A : - 2, 2, / - 1; 2(/ - 1)) , 

(3.1) 

^6 : (4,3,6;12) , A : (6, 4, 9; 18) , Eg : (10, 6, 15; 30) . 

Here, the naming in the left hand side is given according to the identifications of the exponents 
of the weight systems with those of the simple Lie algebras. As a consequence, one obtains 
e = 1 for all regular weight system with e > 0. For the polynomials of type ADE, without 
loss of generality we may choose the followings: 

' x^^' + yz, h = l + l, Ai{l> 1), 

x'^y + y^~^ + z'^, h = 2{l-l), Di{l>A), 

x^ + y^ + z\ h=12, Eq, 

x^ + xy^ + z^, h = 18, Ej, 



f{x,y,z) 



[ x^ + y^ + z'^, h = 30, Eg 



(ii) Path algebras, (a) The path algebra CA of a quiver is defined as follows (see 
[Kj and |Haj Chapter 1, 5.1). A quiver A is a pair (Aq, Ai) of the set Aq of vertices and 
the set Ai of arrows (oriented edges). Any arrow in Ai has a starting point and end point 
in Aq. a path of length r > 1 from a vertex v to a. vertex v' in a quiver A is of the form 
(u|«i, ■ ■ ■ ,ar\v') with arrows a.i G Ai satisfying the starting point of ai is v, the end point 
of ai is equal to the starting point of ttj+i for all 1 < z < r — 1, and the end point of a,, is v'. 
In addition, we also define a path of length zero {v\v) for any vertex v in A. The path algebra 
CA of a quiver A is then the C- vector space with basis the set of all paths in A. The product 
structure is defined by the composition of paths, where the product of two non-composable 
paths is set to be zero. 

The category of finitely generated right modules over the path algebra CA is denoted 
by mod - CA. It is an abelian category, and its derived category is denoted by D^(mod- CA). 
If Aq and Ai are finite sets and A does not have any oriented cycle, then CA is a finite 
dimensional algebra and D^(mod-CA) is a Krull-Schmidt category. 

(b) A Dynkin quiver A of type ADE is one of the Dynkin diagram A listed in Figure 1 together 
with an orientation for each edge of the diagram. It is known |Gaj that the number of all 
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the isomorphism classes of the indecomposable objects of the abelian category mod-CA of a 
quiver A is finite if and only if the quiver A is a Dynkin quiver (of type ADE). 



Ai : •! •2 ■ ■ ■ •b •i-i •i , 

•1 •2 *l-3 *l-2 •« , 

E7 : 

•7 •e *4 •s *2 •! ) 

Es : 

•1 *2 •a *4: •s *6 *7 ■ 



Figure 1. ADE Dynkin diagram 
For a Dynkin diagram A, we shall denote by 11 the set of vertices. For later convenience, 
the elements of 11 are labeled by the integers {1, ■ ■ ■ , /} as in the above figures, and we shall 
sometimes confuse vertices in 11 with labels in {1, ■ ■ ■ , /}. 

The following is the main theorem of the present paper. 

Theorem 3.1. Let f G C[x, y, z] be a polynomial of type ADE, and let A be a Dynkin quiver 
of the corresponding type with a fixed orientation. Then, we have the following equivalence of 
the triangulated categories 

HMF%{f) ~ ^(mod-CA) . 
3.2. The proof of Theorem UTTl 

The construction of the proof of Theorem 13.11 is as follows. 

Step 1. We describe the Auslander-Reiten (AR-)quiver for the triangulated category HMF^{f) 
of matrix factorizations due to [Ej, |AR2j and ^ and give the matrix factorizations 
explicitly. 

Step 2. We determine the structure of the triangulated category HMF^^{f) of graded matrix 
factorizations (Theorem 13. 
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Step 3. By comparing the AR-quiver of the category HMF^{f) with the category HMF^^{f) 
we find the exceptional collections corresponding to A in HMF^^(f) and complete 
the proof of the main theorem f Theorem 13. 

Step 1. The Auslander-Reiten quiver for HMFq^/). 

We recall the known results on the equivalence of the McKay quiver for Kleinean group 
and the AR-quiver for the simple singularities |AR2j . |X] and jEj. 

Let C be a KruU-Schmidt category over C which is equivalent to a small category. An 
object X G Ob(C) is called indecomposable if any idempotent e G B.omc{X, X) is zero or 
the identity id^. For two objects X,Y E Ob(C), denote by radc(X, F) the linear subspace 
of Homc(X, y) of non-invertible morphisms from X to Y. We denote by rad^(X, F) C 
radc(X, y) the space of morphisms each of which is described as a composition $'$ with 
$ G radc(X, Z), $' G Tadc{Z, Y) for some object Z G Ob(C). For two indecomposable objects 
X,Y E Ob(C), an element in Ta,dc{X,Y)\radQ{X,Y) is called an irreducible morphism. The 
space Ittc{X,Y) := radc(X, y)/rad^(X, F) in fact forms a subvector space of Homc(X, F). 
We call by the AR-quiver T{C) of a Krull-Schmidt category C the quiver T{C) := (FoiFi) 
whose vertex set Fq consists of the isomorphism classes [X] of the indecomposable objects 
X G Ob(C) and whose arrow set Fi consists of dimc(Irrc(X, F)) arrows from [X] G Fq to 
[Y] G Fo for any [X], [Y] G Fq (see |E| , [Hil , |Y| ) . 

On the other hand, for a Dynkin diagram A listed in Figure 1, we define a quiver 
consisting of the vertex set 11 and arrows in both directions k k' for each edge of A 

between vertices k, k' G 11. The resulting quiver is denoted by A. 

Note that the category HMF^{f) is Krull-Schmidt (see [3, Proposition 1.18). 

Theorem 3.2. Let f be a polynomial of type ADE, which we regard as an element of O. 

(i) { |AR2j ■ |X] ■ [E] ) The AR-quiver of the category HMF^{f) is isomorphic to the quiver 
A corresponding to f : 

T{HMF^{f)) ^ A . 

(ii) According to (i), fix an identification 11 ~ rQ[HMF^{f)) , k i— > [M*^]. A repre- 
sentative of the isomorphism classes [M^] of the indecomposable matrix factorizations of 
minimum size is given explicitly in Table^^ The size of is 2uk, where is the coefficient 
of the highest root for A; G 11. 

Proof, (i) This statement follows from the combination of results of |AR2j and jEj, where 
the Auslander-Reiten quivers of the categories of the maximal Cohen-Macaulay modules over 
0/{f) for type ADE are determined in |AR2j . and the equivalence of the category of Maximal 
Cohen-Macaulay modules with the category HMF^{f) of the matrix factorizations is given 
in jEj. 
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(ii) Since we have tj(n) non- isomorphic matrix factorizations (Table these actually 
complete all the vertices of the AR-quiver T{HMF^{f)). □ 

Remark 3.3. In matrix factorizations for a polynomial of type ADE in two variables 
X, y are listed up completely. On the other hand, for type Ai and Di in both two and three 
variables, all the matrix factorizations and the AR-quivers are presented in jScj, where the 
relation of the results in two variables and those in three variables is given. This gives a 
method of finding the matrix factorizations of a polynomial of type Ei, I = 6,7,8, in three 
variables from the ones in two variables case jY]. For a recent paper in physics, see also |KL3j . 

Hereafter we fix an identification of T{HMF^{f)) with A by A; ^ [M^]. 

Step 2. Indecomposable objects in HMF^^{f) 

Recall that one has the inclusions R G O (Z O. We prepare some definitions for any 
fixed weighted homogeneous polynomial f E R. 

Definition 3.4 (Forgetful functor from HMF^^{f) to HMF^{f)). For a fixed weighted 
homogeneous polynomial f G R, there exists a functor F : HMF^^{f) HMF^{f) 
given by F{M) := M ®_r O for M G HMF^^{f) and the naturally induced homomor- 
phism F : Y{om.HMF%(f){M , M') RomHMF^if){F{M), F{M')) for any two objects M, M' G 
HMF%{f). We call this F the forgetful functor. 

It is known that F : HMF^^{f) HMF^{f) brings an indecomposable object to an 
indecomposable object {^\, Lemma 15.2.1). 

Let us introduce the notion of distance between two indecomposable objects in HMF^{f) 
and in HMF^^{f) as follows. 

Definition 3.5 (Distance). For any two indecomposable objects M,M' G HMF^(f), define 
the distance d{M, M') G Z>o from M to M' by the minimal length of the paths from [M] to 
[M'] in the AR-quiver T{HMF^{f)) of HMF^{f). In particular, we have d{M,M') = if 
and only if M ~ M' in HMF^{f). 

For any two indecomposable objects M, M' G HMF^j^(f), the distance d{M, M') G Zi>o 
from M to M' is defined by 

d(M,M') := d{F{M),F{M')) . 

By definition, an irreducible morphism exists in B.omH m F^(f ){M, M') if and only if 
d{M, M') = 1. 
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Let US return to the case that / is of type ADE. In this case, the distance is in fact 
symmetric: d{M^,M^') = d{M^\M^) for any [M%[M^'] e U, since, due to Theorem 13.21 
there exists an arrow from [M'^] to [M'^'] if and only if there exists an arrow from [M'^'] 
to [M*^]. For two indecomposable objects ,M^' e HMF%{f) such that F(M'=) = 
F{M''') = we denote d(M^ M^') = d{M^, M^') := d{k, k'). 

In order to state the following Theorem 13.61 it is convenient to introduce the ordered 
decomposition 11 = {Hi, 112} of 11, called a principal decomposition of 11 |Sa5j . as follows. We 
first define the base vertex [Mo] G 11. For a diagram of Di or Ei, I = 6, 7, 8, we choose [Mo] 
as the trivalent vertex. Exphcitly, it is [M'''"'"^] for type Di, [M'^"^] for type Eq, [M'^"^] for 
type Ej and [M^=^] for type Eg (Figure 1). For type Ai, we set [Mo] := [M^^''] (see Figure 
1) depending on the index b, 1 < b < I (see eq. (j3.ip ). Then, we define the decomposition of 
nby 

Hi := {A; G n I d{Mo, M'') G 2Z>o + 1} , := {/c G H | d{Mo, M^) G 2Z>o} . 

Recall that we express a graded matrix factorization M G H MF^^{f) by the pair 
M = {Q, S), where Q denotes a matrix factorization in eq. (j2.3p and S is the grading matrix 
defined in eq. ()2.4p . 

Theorem 3.6. Let f E Rhe a polynomial of type ADE. The triangulated category HMF^^[f) 
is described as follows. 

(i) (Objects): The set of isomorphism classes of all indecomposable objects of HMF^j^(f) 
is given by 

[M^=(g^^„^)], keu, nez. 

Here, • is the matrix factorizations of size 21/^. given in Theorem VJ.^A (ii) (TableUj), 
• the grading matrix for /c G Ho-, a = 1, 2, and n E Z is given by: 

S'^ := diag (g^ -gf , ■ ■ ■ , g^,, -g^,; , -g?, ■ ■ ■ , g';, -g^J + (Pn ■ Uu, , (3.2) 

where the data of the first term, called the traceless part: G |Z — | and G |Z — — 1 
for 1 < j < i^k ore given in Table |21 and the coefficient of the second term, called the phase, 
IS given by 0^ ;= 0(M^) = 2!i±£. 

(ii) (Morphisms) : (ii-a) An irreducible morphism exists in Yiom.^}^ par (^^■){M^.,M^i) if and 
only if d{k, k') = 1 and 0^;', = 0^ + 

(ii-b) dimc(Hom^MF-(/)(M^ K')) = 1 M € - € = k'). 

(iii) (The Serre duality): The automorphism S := Tt'^ : HMF%{f) ^ HMF%{f) 
satisfies the following properties. 

(iii-a) Homj|^jvfFf[(f)(Mt' '^(M?!)) — ^ /^'^ '^''^V indecomposable object M^ G HMF^^{f). 
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(iii-b) This isomorphism of (Hi- a) induces the following bilinear map : 

which is nondegenerate for any k,k' and n, n' G Z. 

Proof, (i) For each M^, by direct calculations based on the explicit form of M'^ in Table 
we can attach grading matrices S satisfying eq. ()2.4|) . This, together with the fact that 
F : HMF^j^{f) — > HMF^{f) brings an indecomposable object to an indecomposable ob- 
ject, implies that the union IJfc=i -^~^(^^) gives the set of all indecomposable objects in 
HMF^^if) and then F : HMF%{f) HMF^{f) is a surjection (see also [TR^ and 0, 
Theorem 15.14). Actually, 5* is unique up to an addition of a constant multiple of the identity. 
Therefore, we decompose S into the traceless part and the phase part. Due to the restriction 
of degrees ()2.H) and the definition of S, one has igj"' + 0^ G |Z and + 0^ G |Z — 1 for 
any G 11 and 1 < j < Vk- By solving these conditions, we obtain Statement (i), i.e., Table 
El In particular, one has F-^{M^) = {M^ \ n E Z} and r(M^) = M^;^^. 

(ii-a) For any two indecomposable objects M^,M^, G HMF^j^{f), Statement (i) implies that 
F : B.omHMF^j^if){Mn, M^',) B.omHMF^(f){M^, M^') is injective and then 

F : ©„,,ezHom^AfF-(/)(Mi,r"''(M5)) - Hom^,MF^(J)(M^ M*^') 

is an isomorphism of vector spaces. This induces the following isomorphisms: 

F: ©„„ezrad^A/F-(/)(M^r-"(M5)) ^ mdnMF^iniM^M^') , 

U U 
F: ©„.ezrad^MF-(^)M,r-''(M5)) ^ radW^(^)(M^ M^') , 

and hence, the isomorphism F : ©„//6zIrrHMFf[(/)(^^ ^""(M^)) ^ IriHMF^iniM'' , M'''). 
For k, k' G 11, define a multi-set (t{k, k') of non-negative integers by 

k') := {/i(0(r'^"(Mn'')) - m^)) I ^om^MF^^in^Ml r'^"(M5)) ^ , n" G Z} , 

where we fix n,n' e Z for each F~^{M'^) and the integer /i(0(r""(M5)) — (f){M^)) = h{(f)'^, — 
(j)^)+2n" appears with multiphcity dimc(RomHMF^j^{f){Mn, r""(M5))). The multi-set C(/c, k') 
in fact depends only on k and k', and is independent of the choice of n and n'. 

For A;, /c' G n such that d{k,k') = 1, by calculating }lomHMF^^{f)iM'^ , M'^') using the 
explicit forms of the matrix factorizations M^,M^' in Tabled one can see that €{k,k') 
consists of positive odd integers including 1 of multiplicity one. This implies that, for two 
indecomposable objects M^,M^, G HMF^^{f), a morphism in KomH m f^j^ {f){Mn ^ ^n') 
irreducible morphism if and only if — 0^) = 1 (Statement (ii-a)). (A morphism in 
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}iomfj]y,jp9r-(^f^{Mll, M^',) which corresponds to c G €{k,k') with c > 3 can be obtained by 
composing irreducible morphisms. ) 

(ii-b) One gets the following lemma: 

Lemma 3.7. 1) For an indecomposable object G HMF^^[f), one has 

1-a) Hom^,MF-(/) (M^,M^) - C , 1-b) Hom^,MF-(/)(M^, 5(mJ)) ~ C . 

2) For an indecomposable object G HMF^^{f), a morphism \1/ G Hobih MF''j^{f)iM^,S{M^)) 
and an indecomposable object M^, G HMF^^{f) such that d(k, k') = 1, 

2-a) ~ holds for an irreducible morphism $ G liomfjMF^jl[(f){Mll', , M^)), 
2-b) iS($)\l/ ~ holds for an irreducible morphism $ G }iomjj^,jpa^(^jr^(M^, M^',) . 

Proof. By direct calculations ofB.omjj]^psrf^j-j(M^, M^) and B.omjjj^.jp3r(^j-^{M^,S{M^)) using 
the explicit forms of the matrix factorizations in Table Q again. □ 

Note that Lemma IT71 1-a also follows from the AR-quiver T{HMF^{f)) of HMF^{f) 
in Theorem 13.21 and Statement (ii-a). 

Due to Lemma [3. 71 1-b. for any indecomposable object M^' G HMF^^{f), one can con- 
sider the cone C(\l/) G HMF^^{f) of a nonzero morphism \1> G }iomHMF<^j^{f)i'S~^iM^), M^), 
that is, the cone of a lift of the morphism \1/ G B.omjjj^jp3r (^j-^{S~^ (M^) , M^) to a homomor- 
phism in B.omMpsr^j-j(^S~^{M^), M!^). We denote it simply by C(\l/), since two different lifts 
of the morphism G Homjjj^jpg^ (^j){S~^ (M^) , M^) lead to two cones which are isomorphic to 
each other in HMF%{f). 

Recall that an Auslander-Reiten (AR-)triangle (see |Haj . |Y] . and also an Auslander- 
Reiten sequence or equivalently an almost split sequence |ARlj ) in a KruU-Schmidt triangu- 
lated category C is a distinguished triangle 

X ^ Z ^T{X) (3.3) 

satisfying the following conditions: 

(ARl) X, Z are indecomposable objects in Ob(C). 
(AR2) w ^ 

(AR3) If $ : — > Z is not a split epimorphism, then there exists ^' : W ^ Y such that 
v^' = $. 

Then, it is known (see |Haj . Proposition in 4.3) that u and v are irreducible morphisms. 

Lemma 3.8. For an indecomposable object G H M F^^^ (f) and the cone C(\l/) G HMF^^{f) 
of a nonzero morphism G B.omj^;^par(^j-j{S~^{M^), M^) , the distinguished triangle 

^ t{M^) T{M^) (3.4) 
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is an AR-triangle. 

Proof. Since by definition the conditions (ARl) and (AR2) are already satisfied, it is enough 
to show that the condition (AR3) holds. Consider the functor Houijj ^ par (^f^{Mli, , — ) on the 
distinguished triangle (j3.4|) for an indecomposable object M^', G HMF^^{f). One obtains the 
long exact sequence as follows: 

• • ■ ^ mmHMF^^U)(^n'.S^\M';)) ^ Hom^MF-(/)(M5,M^) 

^ YLomHMF%U)(^n'. cm (3.5) 

Hom^MF-(/)(M5,r(Mi)) mmHMF^r^f){M^n'.T{M'^)) - ■ ■ ■ . 

A nonzero morphism in Yiora^jj^parf^j-^^M^, , t{M^)) is a split epimorphism if and only if M^, = 
t{M^), in which case 'H.omHMF^''{f){M^' ,t{MIi)) ~ C is spanned by the identity id^^' G 

RomHMF%{f){M^'',M^'')- If M^' 7^ r{M^), due to Lemma I!r7l2-a. the map T(*) in the 
long exact sequence ()3.5|) turns out to be zero, which implies that we have the surjection 
Hom^MFf[(/) {Ml;', cm RomHMF^^if) (M^, r(M^)) and then the condition (AR3). □ 

The existence of the AR-triangle together with the corresponding long exact sequence 
fl3.5p leads to the two key lemmas as follows. 

Lemma 3.9. Let G H M F^^{f) he an indecomposable object. The cone C(\l/) of a nonzero 
morphism \1/ G B.O'mHMF''jl[ {f){S^^{Mll) , M^) is isomorphic to the direct sum of indecomposable 
objects M^l © ■ ■ ■ © f^i" some m G Z>o such that {ki, ■ ■ ■ , km} = {A;' G 11 | d{k, k') = 1} 
and (j){M^l) = 4>{M^^) + ^ for any z = 1, ■ ■ ■ , m. 

Proof. For the AR-triangle in eq. ipOjl . the morphisms C(^) and ^ 

are irreducible and hence one has (f){M^^) = (f){Mli) + ^ and d{k\ki) = 1, for any i = 
1, ■ ■ ■ ,m, with the direct sum decomposition of indecomposable objects C(\l/) ~ ©^ILi^n- 
above. Also, the fact that the distinguished triangle ()3.4|) is an AR-triangle further guarantees 
that, for an indecomposable object M^,' G HMF^j^(f), there exists an irreducible morphism 
in }lomfji^^psr(^f){M^, M^i',) if and only if {k',n') = {ki,ni) for some i = 1, ■ ■ ■ ,m (see Lemma 
in p. 40 of |Haj ) . Thus, the rest of the proof is to show ki 7^ kj if i ^ j, for which it is enough 
to check this lemma at the level of the grading matrices (see eq. ()5.H) below Table |21). □ 

Lemma 3.10. For an indecomposable object G HMF^^[f) , let C{^) be the cone of a 
nonzero morphism ^ G Y{omm^jp9rf^j-^{^S^^{M^),M^), and let C(\l/) ^ ®'^iM^_, m G Z>o, be 
the direct sum decomposition of indecomposable objects as above. Then, for an indecomposable 
object M^i G HMF^^(f) and the given multi-set (L{k',k), one obtains 

m 

W dik', ki) = {c-l\ce €{k', k),c y^O} Y[{c + 1 | c G C(A;', k),c ^ h - 2 if k = k'^ } , 

i=l 
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where, for k E H, k'^ E H denotes the vertex such that [F(iS(M^'))] = [Af^'^] E 11 for any 
nEZ. 

Proof. Consider the long exact sequence ()3.5j) for the AR-triangle ()3.4jl . As discussed in 
the proof of Lemma EH if ^ t{M^), the map T(\I/) in eq. (j3.5|) is zero due to Lemma 
|S7|2-a. Similarly, if M^,' ^ S-\M^), the map in eq. (j3.5p is zero due to Lemma 13.71 2- 
b. On the other hand, if M^/' = r(M^), the map T(^) in eq. ()3.5|) is an isomorphism and 
hence the map }^omJJ]^^^p^^(^J^{M^', ,C{^)) Homj|^A^^s^'-(j)(M5, r(M^')) turns out to be zero. 
Similarly, if = S~\Ml;), the map in eq. ()3.5|) is an isomorphism and hence the map 
}iomfjMp9^(^j^{M^', , M^l) }iomHMF^j^(f){Mll' ,C{'^)) turns out to be zero. Combining these 
facts, one has the exact sequences as follows: 

. -^Hom(iw|,M5) HomHMF-(/)(M^C(M/)) ^ Hom(M^, r(M5)) if 

r(M5)andM^^5-i(M5), ^ _ _ 

. ^ Hom(M„^M5)^ Hom^MF-(/)(iVeC(vl>2^^ if M„^^r(M5), and 
. ^ Hom^MF-(^)jM^C;(vl>)) ^ Hom(M^r(M5)) ^ if = ^-^M^), though 
in this case Hom(M^r(M5)) = 0. 
From these results follows the statement of this lemma. □ 

Calculate B.omjjMparf^j-j^M'' ,t'^{M^)), n E Z, where we set A; = 1 for type Ai, Di and 
Eg, = 5 or 6 for Eq, and k = 7 for Ej, by using the explicit forms of matrix factorizations 
in Table □ Then, one obtains <t{k,k). Using Lemma 13.91 and Lemma 13.101 repeatedly, 
one can actually obtain €.{k', k") for all A;', k" E LI (Table 01). In particular, by a use of Table 
01 one can get Statement (ii-b) and 

Corollary 3.11. The following equivalent statements hold: for two indecomposable objects 
M^,M^: EHMEjif), ^ ^ ^ 

(a) lf4>{S{M^.)) - mt) < \d{k, k'^), then Hom^,,^|^) (M5^M„^) = 0. 

(b) Ifmn) - mn') < id{k',k), then Hom^,,^^.(^)(M^5(M5)) = 0. □ 

(iii-a) This is already proven in Lemma [3.71 1-b. 

(iii-b) Suppose that there exists a nonzero morphism $ E Homj:^j,/^9^'-(j)(M^,', M^) for two in- 
decomposable objects M^, M^' E H MF^^{f) and let us show that there exists a nonzero mor- 
phism E }iomfjMFl^if){M^, <S{M^')) such that is nonzero in UornHMF^j^ {f){M^' , ^iM^')) 
If = S{M^',), then one may take = id^^j^fe'-,, so assume that ^ S{M^',), i.e., 
< 0^ — 0^'/ < 1 — f . As in the proof of Lemma from the long exact sequence ()3.5|) of 
the AR-triangle (|3.4p one obtains the exact sequence 

^ Hom^,MF-(/)(M5, M^) ^ Hom^MF-(/)(M5, C(vl/)) 



20 



HIROSHIGE KAJIURA, KYOJI SAITO, AND ATSUSHI TAKAHASHI 



for the cone of a nonzero morphism \1/ : S~^{M^) M^. Namely, there exists an 

indecomposable object M^,' G HMF'^^{f) such that d{k, k") = 1, (p^'i'-'Pn = i and $'$ is not 
zero in }iomJJ]^^,Jp9r(^f^{M^', , Mj^',',) with an irreducible morphism $' G Homj|^^,/j;'9^' (y)(M^, M^/'). 
Repeating this procedure together with Corollary 13 . 1 1 1 f a) leads that the path corresponding to 
the morphism arrives at S{M^',). Namely, for a given morphism $ in }iomH m f^'' {f){Mll, , M^), 
there exists a nonzero morphism G Homj|^^,/j;'S'-(y)(M^, iS(M^,')) such that is nonzero 
inHom^MF-(/)(i^?:,5(M5)). ' _ _ 

Conversely, suppose that there exists a morphism G Homj|^^j7'9^'-(/)(M^, 5(M^, )) for 
two indecomposable objects M^, M^' G HMF^^{f). One can show that there exists a nonzero 
morphism $ G Homj|^jvfFf[(f)(^n''' ^n) such that is nonzero in Homj|^A,jj7'9^'-^^^(M5, ^(M^)) 
by considering the functor Y[om.HMF^j^{f){~^S{M^,)) on the AR-triangle ()3.4|) together with 
Corollary EHU (b), instead of Y{om.m^,ipar^j^(^M^i,—) with Corollary EHU (a). Thus, one gets 
Statement (iii-b) of Theorem 13.61 □ 

Step 3. Exceptional collections in HMF^^{f) 

— * 

In this step, for a fixed polynomial / of type ADE and a Dynkin quiver A of the corre- 
sponding type, we find an exceptional collection in HMF^^[f) and then show the equivalence 
of the category H M F^^{f) with the derived category of modules over the path algebra of A. 

Lemma 3.12. For any Dynkin quiver A, there exists n := (rii, ■ ■ ■ ,ni) & ll such that one 
has an isomorphism of C- algebras: 

CA^Cf(n) := Hom^MF-(^)(Mj^,M^;,) , 

with the natural correspondence between the path from A; G 11 to /c' G IT and the space 
Hom(M^^,M^^J for any k,k' G 11. Such a tuple of integers is unique up to the Z shift 
(ni + n, ■ ■ ■ , ri; + n) for some n G Z. 

Proof. Let us fix rii G Z of M^^. For each A; G H, k) = 1, take M^^ G HMF%{f) such 
that — (f)\^ = (resp. — ^) if there exists an arrow in A from 1 G 11 to A; G 11 (resp. 
from /c G n to 1 G n). Repeating this process leads to the tuple n = (ni, ■ ■ ■ ,ni) such that 
Cr(n) ~ CA. On the other hand. Theorem 13.61 (ii-b) implies that there exists a morphism 
for any given path and there are no relations among them. Thus, one gets this lemma. □ 

Corollary 3.13. Let &i be the permutation group of U = {1, ■ ■ ■ , /}. Given a Dynkin quiver 
A and n G Z' such that Cf (n) ^ CA, one can take an element a G &i such that 0n^^Jj > 
0niw ^fk' > k. Thus, for {E\---,E'}, E^ := M^^^' ^ouiHMF^r^f){E\E^') ^ only if 
k' >k. □ 
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Lemma 3.14. Given a Dynkin quiver A and n G such that Cr(n) ^ CA, one has 
Hom^MF-(/)(r"(M^J, M^^,) = ^ for any k,k' eli tf n >l. □ 

Proof. Let us first concentrate on irreducible morphisms. For any k,k' G 11 such that 
d{k, k') = 1, one obtains 0^'^, ^0nj.+n = since 0^'^, "'/'n.fe = ^j^- other hand, Theo- 

rem Eini(ii-a) imphes that there exists an irreducible morphism in ]iomjjMp9^(^f^(Ml^^_^_^, M^^) 
only if k') = 1 and n = or n = — 1, since can be ^ only if n = or n = — 1. 

Since, by definition, all morphisms except the identities can be described by compositions 
of irreducible morphisms, one gets this lemma. □ 

By Lemma [3. 141 and the Serre duality fTheorem l3.6l fiii) ) . we obtain the following lemma. 

Lemma 3.15. Given a Dynkin quiver A andne such that CT{n) ~ CA, {E\ . . . , E^} 
given in Corollaru VJ.liA is a strongly exceptional collection, that is, 



BouiHMFl^^if) {E\ E^) = for i> i 



Y{omHMFo;u){E\ T^{E^)) =0 for k ^ and any i,j . 



Proof. Due to Corollary 13.131 it is sufficient to show that B.omjjj^pa^(^f^{E\T"'{E^)) = for 
n > 1. On the other hand, by the Serre duality, 

dimc(Hom^MF-(^)(E\T"(E^))) = dimc(Hom^MF-(^)(T""V(E^),EO) 
holds. If n = 1, }iomHMF^j^(f){T''~^T{E^), E') = }lomHMF%^(f){r{E^), E') = follows from 



Lemma EH If n > 2, first we have 0(T"^V(EJ)) = (f){E^) + (n - 1 + |) and then 

r 

h 



- 0(r""V(E^')) = {4>{E') - (P{E^)) -In-l + l 



Here, it is clear that 

holds for {E^, ■ ■ ■ ,E'-}. Thus, we have the following inequality: 

4>(E') - 0(T""V(E^)) < ^ -(n-l+'^^<0 ifn>2. 

h \ h J 

On the other hand, since all morphisms except the identities can be obtained by the compo- 
sition of the irreducible morphisms. Theorem 13.61 fii-a) implies that Yiom. fj pa^ (^j^^^E^ , E^) ^ 
only if (f){E') - 4>{E^) > \d{E^ , E') > 0. This implies 

Hom^MF-(/)(T"-V(E^), E') = 0. □ 



Corollary 3.16. D^(mod-CA) is a full triangulated subcategory of HMF^^{f) 



22 HIROSHIGE KAJIURA, KYOJI SAITO, AND ATSUSHI TAKAHASHI 

Proof. Use the fact that {E\...,E^} is a strongly exceptional collection and 

CA^0Hom^MF-(^)(E\E^) . 

Since HMF^^{f) is an enhanced triangulated category, we can apply the theorem by Bondal- 
Kapranov ( |BKj Theorem 1) which implies that D*(mod-CA) is full as a triangulated sub- 
category. □ 

Recall that the number of indecomposable objects of HMF^^ (f) up to the shift functor 
T is which coincides with the number of the positive roots for the root system of type 
ADE. This number is the number of indecomposable objects of i5''(mod-CA) up to the shift 
functor T by Gabriel's theorem |Gaj . Therefore, one obtains D''(mod-CA) 2^ HMF^^{f). 

4. A STABILITY CONDITION ON HMF^^{f) 

Let Ko{HMF%{f)) be the Grothendieck group of the category HMF%{f) (03 (see 
also |Haj ) . For a triangulated category C, let F be a free abelian group generated by the 
isomorphism classes of objects [X] for X G Ob(C). Let Fq be the subgroup generated by 
[X] - [Y] + [Z] for all distinguished triangles X ^ Z T{X) in C. The Grothendieck 
group Ko{C) of the triangulated category C is, by definition, the factor group F/Fq. 

Definition 4.1. For a graded matrix factorization M = [Q, S) G HMF^j^{f), we associate a 
complex number as follows: 

Z{M) := Tr(e''^^) . 

The map Z extends to a group homomorphism Z : Kq[H M F^^{f)) C. 

Theorem 4.2. Let f & R be a polynomial of type ADE. Let V{(j)) be the full additive sub- 
category of HMF^^{f) additively generated by the indecomposable objects of phase 0. Then 
V{(f)) and Z define a stability condition on HMF^^[f) in the sense of Bridgeland |Bdj . 

Proof. By definition, what we should check is that 7^(0) and Z satisfy the following properties: 
(i) if M G P(0), then Z{M) = m{M) exp(7rA/— T0) for some m{M) G M>o, 
(n) for all G M, V{(f) + 1) = T(P(0)), 

(in) if 01 > 02 and Mi G P(0i), i = 1,2, then Hom^AfFf[{/)(^i, ^2) = 0, 

(iv) for each nonzero object M G HMF^j^{f), there is a finite sequence of real numbers 

01 > 02 > ■ ■ ■ > 0n 
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and a collection of distinguished triangles 
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= Mo Ml M2 — - — - M„_i ^ Mn = M 

\ / \ / \ / 

Ni N2 iV„ 

with Nj e V{(j)j) for all j = 1, ■ ■ ■ , n. 
Here, for any indecomposable object G HMF^j^{f), Z{M^) is of the form: 

In fact, by a straightforward calculation, one obtains 

i^k 



= 2e'^^'^" ^ (cos(7rg^^) + cos(7rg^^)) 



^ i^fe 

= m(M,^)e'^v^<^" , m(M„^) := 2 ^ (cos(7rgJ) + cos(7rgJ)) . 

This shows Statement (i) in Theorem 14.21 It is clear that Statement (ii),(iii) and (iv) follow 
from Theorem 13.61 □ 



Proposition 5.3 in |Bdj states that a stability condition (Z, V) on a triangulated category 
defines an abelian category. In our case, for the triangulate category HMF^^{f), we obtain an 
abelian category "^((0, 1]) which consists of objects M G HMF^j^{f) having the decomposition 
iVi, • ■ ■ ,Nn given by Theorem 14.21 (iv) such that 1 > 0i > ■ ■ ■ > 0„ > 0. 

Proposition 4.3. Given a polynomial f of type ADE, the following equivalence of abelian 
categories holds: 

V{{0, 1]) ^ mod -CAprincipal , 

where ^principal is the Dynkin quiver of the corresponding ADE Dynkin diagram A with the 
principal orientation |Sa5j . i.e., all arrows start from Hi and end on 112. D 



Proof. Let us take the following collection {Mq , ■ ■ ■ , Mq}. The corresponding C-algebra is 
denoted by Cr(n = 0) (see Lemma f3.12|) . First, we show that 

Cf(n = 0) ~ CAp„„,ipai , (4.1) 
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for which it is enough to say that Mq G P((0,1]) is projective for each A; G 11. For any 
N G V{(t>{N)) such that < 0(iV) < 1, the Serre duahty imphes 

Hom^MF-(/)(i^?,T(iV)) ^Hom^AfF-(/)(r(^),i^?) • 

Here, one has RouiH MF^j^ if )ir{N), M^) ^ only if 0(iV) + 1 < (t){M^). However, such does 
not exist since 4>{Mq) = | for /c G a = 1,2. Thus, one has ]^or[iH}^[p9^(^f^{M^ ,T[N)) = 
and hence eq. ()4.1|) . 

On the other hand, the full abelian subcategory (Mq, - ■■ , Mq) of ^((0,1]) generated 
by Mq,-- - , Mq is equivalent to the abelian category mod- CAprindpai- Also, the Gabriel's 
theorem |Gaj asserts that the number of the indecomposable objects in mod - CAprindpai is 
equal to the number of the positive roots of A, which coincides with the number of the 
indecomposable objects in ^((0,1]). Thus, one obtains the equivalence mod- CAprindpai — 
P((0,1]). □ 

Remark 4.4 (Principal orientation). In the triangulated category HMF^j^{f), the principal 
oriented quiver Aprindpai is realized by a strongly exceptional collection {M^^, - - - , M^^} with 
ni = - - - = 77,; = 77, G Z for some n G Z as above. It is interesting that a strongly exceptional 
collection of this type has minimum range of the phase: < 0(M^^) < ^^^^ for any k & U. 



5. Tables of data for matrix factorizations of type ADE 



Table 1. We list up the Auslander-Reiten (AR)-quiver of the category HMF^{f) for a 
polynomial / of type ADE. We label each isomorphism class of the indecomposable objects 
(matrix factorizations) in MFf^{f) by upperscript {1, --, fc, --, /} such as [M'']. We also list 
up a representative of [M''] by giving the pair [ip^, ip'^) for each matrix factorization 
:= ( fe ^ j (see eq. ()2.3j) ). In addition, for type Di and Ei [I = 6,7,8) cases, we attach 



defined in Theorem 13.61 (eq. ()3.2p ) to each of those pairs as 



the indices 



Those indices are for later convenience and irrelevant for the statement of Theorem 
will be listed up again in the next table (Table |2I). 

Type Ai. The AR-quiver for the polynomial / = x'^^ + yz is of the form: 



They 



[M2 



[M 



i-i] 



[M^ 
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, X'" —z 



y X' 



l+l-k^ 



z X 



x'^ -y 



Type Di. The AR-quiver for the polynomial / = x y + y + z is given by: 

[M 



i-i] 



[Ml] [AP] 



where, for each A; G 11, , ^/^ ) is given by 

/ 



z + ^ 



'f'}l-2-k\ — V'/i-2-fc^ 



i-fc 



—z 





xy 





—z 

k 


/— 1 — - 


X 


y2 


z 


/' 2 


-xy 

k-l 





—z 


y 2 


xy 


1 k + 1 






' 2 


z 





X 





z 







y 2 


-xy 



, fc: even {2 < k < I - 2) 



\ 



fc-3 
/ 2 



/c: odd (3 < /c < / - 2) 



The forms of i,-?/;' ^) and t/^') depend on whether / is even or odd. 
• If Z is even, one obtains 



^i)=V'(i) 



^ z y(x + ^/^i/^'; 

X — \/—ly 2 —z 



y{x - yf^y^'] 



If / is odd, one obtains 



^u;=^(i) 



. — 

X + \/—ly 2 



z + v — ly 2 

X 



xy \ 
\z - ^f-Vy"-^)) 



'^(i)=^(i) 



a; 



xy 
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Type Eq. The AR-quiver for the polynomial f = + y'^ + is given by: 



[A'P] 



[M5] [A'/3] — 

For Y"^ := y"^ ± y/—lz, each pair {ip^, ip'^) is given by 



[A/6] 









/~z 





X^ 



















— z 


y 




















z 





1 












u 















/- 






xy 












\ 





















X 
















~x 







y 

















y' 









X 










y 




^z 







V 





x^ 









xy^ 




Tzj 



Iz 

2 



Iz 



xy 






xy 


x2 



Iz 

.2 






— X 
'~^z 

y 





X 




y' 

\/~^z 
xy2 





X 

y 






¥^(2) =^^2) 



-Y- 



-Y- 





xy 


X 


-xy 


Y+ 


x2 








X 


^f^z 


2/ 


X2 


-xy 


y' 




Y+ 





xy 


X 


-xy 




x2 








X — 




y 


x2 


-xy 







X 

Y+ 



^2 



X 

Y- 
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Type E-j. The AR-quiver for the polynomial f = + xy^ + z"^ is given by: 



The corresponding matrix factorizations are: 



( " 





-x^ 


y\ 





z 


xy'^ 


X 


— X 


y 


—z 







x^ 








f-z 







x\ 


xy 


z 










— X 


—z 


2/ 


\x'^ 





xy"^ 





'/i'/ 1 

3 



3 



, 5 



3 



2 

. 6 



2 
6 



(-Z 


y" 





V 



z 

X 

xy 



l-z 


y" 


xy 





x2 


o\ 




xy 


z 











— X 










z 


— X 





y 







— — x^ 


—z 


xy2 







X 








y 


z 







Vo 


? 2 





x^y 


-J 









xy 








X 


\ 




-xy 


z 





-y' 


-X2 







y" 





z 


— X 


xy 












-x2 


—z 













— X 








—z 


-y 




x" 








xy 


-xy2 


z 









xy 










X2 


o\ 


—z 
















X 


y' 


z 








— X 








xy 





z 


-X2 

















— X 


—z 








y 





-x2 





—z 


xy2 


y" 













y" 


z 





x^ 








xy2 










-xy 


x\ 












x" 

—z 


y" 






7 

(3) - 


(x2 


z 

+ 


y3 
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Type Eg. The AR-quiver for the polynomial f = + + z"^ is given by: 



[Ml] 



[MS] 



The corresponding matrix factorizations are : 








X 


y \ 





z 


y' 


-x^ 




y 


—z 





w 


— X 





-J 



(i) 



2 

"^f 3 ■ 



V/ 3 ^ 
V 13 y 





z 


-y' 


xy 







~y' 


—z 
















—z 


a; 







-xy 


x" 






— X 








y 


v 







/ 


















(!) 






















„.4 



-xy 

l-z 






X 



X 

y 




^/ 



— 2 







3 



y 

z 


— x 





y 




z 

—X 











—z 









X 


y'] 















y' 


~x^ 












—z 













— X 















l-z 










y' 





x\ 




xy 




z 


-y' 

















-y' 


—z 


a; 

















x^ 


z 


-xy^ 




















—z 


y 




\x^ 







-xy^ 





y' 





-y 

,3 



X^ 


o\ 





X 














y' 







y' 


2 











/ 


2 





xy 








~y' 


y' 





-x^ 


o\ 







— 2 

















-y' 





a; 










— 2 


y' 











X 

















2 








-a;2 
























z 


—a; 








y^ 







^y' 











-x^ 


— 2 











y' 













—X 








— 2 








y 







-y' 


x^ 













2 










—a; 











y' 








y 


— 2 





V 





x^ 
























MATRIX FACTORIZATIONS AND REPRESENTATIONS OF QUIVERS II; TYPE ADE CASE 



29 









4 




4 


6 




6 






[loJ 



f 


—z 




















y' 











a; 







—z 


-xy 











y' 


-y' 








x" 













z 








-y' 








y' 


— X 










xy 








z 


-y' 











-x" 






















-y' 


—z 








X 






















-y' 








— 2 













xy^ 


y' 






y' 











— X 


z 



















y' 











x^ 








z 


-xy^ 






















— X 














—z 








y 










-x^ 


~y' 








xy'^ 








—z 


-y' 










X 








y' 














-y 


z 







x^ 











-xy'^ 



















z 



7 

, 9 



3 
7 
9 














-y' 










xy 


—z 











y' 













— 2 


y' 





X 


-y' 














2 


~x^ 


















— S 


~z 














y' 


x" 





xy'^ 


z 











X 


-y' 











z 


y 










y' 














The shift functor T acts on these matrix factorizations as follows. 

• For type Ai, T{M^) ^ M'+^-fc for any k eU. 

• For type A, T(M'=) ~ M'' for all A; G H, except that T{M^-^) : 
if / is odd. 

• For type Eq, T{M'') ~ for k = 1,2 but r(M3) ~ 
T{M^) ~ M^ T(M6) ~ M\ 

• For type Ej or Eg, T(M'=) ^ M'' for any A; G H. 

Remember that the Serre functor (in Theorem 13.61 (iii)) is defined by S 
shall introduce the grading. 



M 



M 



i-i 



T{M^) ~ and 
Tt^^ when we 



Table 2. The list of all the isomorphism classes of the indecomposable objects in HMF^^{f) 
for a polynomial / G i? of type ADE is given. 

The set of the isomorphism classes of the indecomposable objects is given by 

{[M^=(Q^5^)], fcGH, neZ^ 

Here, for each k E is the matrix factorization of size 2vk given in Table ^ and the 

grading matrix is a diagonal matrix as follows: 

5^- := diag (g^, -g^, ■ ■ ■ , g^,, -g'j gt, -gf, -tu,) + 0n ■ 
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where the phase is given by 0^ = for k G H^, c" = 1,2, and the data are given 

below. 

Type Ai {h = I + 1): In this case, t'fc = 1 for all /c G 11 and the grading is given by 

{q'l;q',) = j^{b-k; {I + 1 - b) - k) . 



For type Di and Ei, for any G 11 there exists a representative of the isomorphism classes 



of the indecomposable objects such that = gj^, j = 1, ■ ■ ■ , z/^. The matrix factorizations 



Q'^'s listed in Tableware just such ones. Therefore, we present only qj and omit g^. 
Type A (h = 2{l - 1)): 

k z/fc (g^---,g^J 

1 1 2(1^(^-3) 

2,---,(/-2) 2 ^(/-A;-2,/-A;) 

Type Eg (/i = 12): Type (/i = 18): Type Eg (/i = 30): 

; f k k \ k Uk {qi, ■ ■ ■ ,qt^] 

" 1 2 ^(4.14) 



1 2 ^2,8 

z/fe (qt---,qt) / \ 2 3 4.(3,5,13) 

v-ii ,^1.,; 2 3 1^ 1,3,7 3oV ' ' J 

1 2 ^(1,5) /^^ ' ' \ 3 4 4.(2,4,6,12) 

/ 3 4 -^ 0,2,4,6 ,2°^ ' ' ' V 

2 3 ^(0,2,4) ^ ^ 1 4 5 i(l,3,5,7,ll) 



3,4 2 ^(1,3) ; ^ 5 6 4^(0,2,4,6,8,10) 



4 2 3^(1,5) 

5 3 3^(1,3,5) 

6 2 3^(2,4) 

7 1 ^(3) ■ ^ 



5,6 1 U^) ■ ^ ^ 6 3 4,(1,5,9) 

7 4 ^( 

8 2 4^(2 



7 4 4l(1.3,7,9) 



(i) If we set n = for all G 11, then {Mq , • • ■ , Mq} corresponds to the Dynkin quiver 
with a principal orientation (see Proposition 14. 3p . 

(ii) For the grading matrix of M^, one has gj^ 7^ for j > 1, and g^ = if and only if 
F(M^) = Mo. 

(iii) Lemma 13.91 can be checked at the level of the grading matrices S. Namely, for an 
indecomposable object G HMF^^{f), the cone C(\l/) of a nonzero morphism 
\1/ G B.omjjj^,jpg^(^j^{S~^{M^), M^li) is isomorphic to the direct sum of indecompos- 
able objects Mill © ■ ■ ■ © some m G Z>o such that {/ci, ■ ■ ■ , km] = {k' G 
n I d{k, k') = 1} and 0(M^^) = (p{M^) + ^ for any i = 1, ■ ■ ■ ,m. Correspondingly, 
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and the same identities for gj^, A; G 11, j = 1, ■ ■ ■ , z/^. 

Table 3. The following tables give all the morphisms between all the isomorphism classes of 
the indecomposable objects in HMF^^{f) for a polynomial / of type ADE. 

Recall that, for two indecomposable objects M^, M^, e HMF^^{f), <t{k, k') is the multi- 
set of non-negative integers such that 

m k') := {c := Kct^i. - 0^) + 2n" \ Hom^^,^.^^(^)(M^, r""(Mn')) ^ , n G Z} , 

where the integer c appears with multiplicity d := dimc(Homj|^j^,/p9^'-(j)(M^, r'^"(M^,'))). We 
sometimes write instead of d copies of c. 

For each type of ADE, <t.{k^ k') is listed up for any /c, k' G 11. 

Type Ai [h — 2 = I — 1) : One obtains (essentially the same as those given in |HWj ) 

(\k'-k\, \k' -k\+2, \k' -k\+A, , 1 

€{k, k') = { } 
[ J-3-\{l-l)-{k + k' -2)\, I -1 -1) - {k + k' -2)\j 

For any fc, k' G 11, (E{k, k') does not contain multiple copies of the same integer. Pictorially, 
the table of k') is displayed as 



k\k' 


1 


2 


3 




1-2 


/ - 1 


/ 


1 





1 


2 




1-3 


1-2 


l-l 


2 


1 


2 


1 3 




1-4 1-2 


1-3 l-l 


1-2 


3 


2 


1 3 


2 4 




1-5 1-3 l-l 


l-A 1-2 


1-3 


















1-2 




l-A 1-2 


1-5 1-3 l-l 




2 4 


1 3 


2 


/-I 


1-2 


1-3 l-l 


l-A 1-2 




1 3 


2 


1 


/ 


l-l 


1-2 


1-3 




2 


1 
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Type Di {h - 2 = 21 - 4) : 



k\k' 


1 


k' ( 2<k'<l-2 ) 


I - 1 


I 


1 


21-A 


fc'-l 2l-3-k' 


1-2 


1-2 


k 

(2<k<l-2) 


k-1 
2l-3-k 


\k' k\ \k' k\+2 

k+k'-A k+k'-2 , 

2l-2-{k+k') 2l-{k+k') 

2l-%-\k'-k\ 2l-A-\k'-k\ 


l-l-k l+l+k ■■■ 

l-5+k l-3+k 


l-l-k l+l+k ■■■ 

l-5+k l-3+k 


I - 1 


1-2 


l-l-k l+l+k ■■■ 

l-5+k l-3+k 


4 8 •■■ 21-A 
(/: oven) 

4 8 •■■ 21-6 
{I: odd) 


2 6 10 ■■■ 21-6 
(/: oven) 

2 6 10 ■■■ 21-A 
{I: odd) 


/ 


1-2 


l-l-k l+l+k ■■■ 

l-5+k l-3+k 


2 6 10 ■■■ 21-6 
(1: even) 

2 6 10 ■■■ 21-A 
{I: odd) 


4 8 ■■■ 2/-4 
(l: even) 

4 8 ■■■ 21-6 
(1: odd) 



Type Eq {h-2 = 10) : 



A;\A;' 


1 


2 


3 


4 


5 


6 


1 


4 6 10 


1 3 52 7 9 


2 4 6 8 


2 4 6 8 


3 7 


3 7 


2 


1 3 5^ 7 9 


2^ 4^ 6^ 8^ 10 


1 32 52 72 9 


1 32 52 72 9 


2 4 6 8 


2 4 6 8 


3 


2 4 6 8 


1 32 52 72 9 


2 4 6^ 8 


2 42 6 8 10 


15 7 


3 5 9 


4 


2 4 6 8 


1 32 52 72 9 


2 42 6 8 10 


2 4 6^ 8 


3 5 9 


15 7 


5 


3 7 


2 4 6 8 


15 7 


3 5 9 


6 


4 10 


6 


3 7 


2 4 6 8 


3 5 9 


15 7 


4 10 


6 
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Type Et {h-2 = 16) : 



k\k' 


1 


2 


3 


4 


5 


6 


7 


1 


6 10 16 


15 7 
9 11 15 


2 4 6 

82 

10 12 14 


3 7 9 13 


3 5 7 
9 11 13 


4 6 10 12 


5 11 


2 


15 7 
9 11 15 


2 4 
62 82 102 
12 14 16 


1 32 52 73 
93 ll2 132 15 


2 4 6 
82 

10 12 14 


2 42 52 
82 

102 122 ;^4 


3 52 7 
9 ll2 13 


4 6 10 12 


3 


2 4 6 
10 12 14 


1 32 52 73 
93 ll2 132 15 


22 43 
6'* 8'* 10'' 
12^ 142 16 


1 3 52 72 
92 ll2 13 15 


1 32 53 73 

93 ll3 132 15 


2 42 62 
82 

102 122 14 


3 5 7 
9 11 13 


4 


3 7 9 13 


2 4 6 

82 

10 12 14 


1 3 52 72 
q2 1 1 2 1 Q 15 


4 6 
8 

10 12 16 


2 4 62 

8 

102 12 14 


3 5 7 
9 11 13 


4 8 12 


5 


3 5 7 
9 11 13 


2 42 62 
82 

102 122 ^4 


1 32 53 73 
93 ll3 132 15 


2 4 52 
8 

102 12 14 


2 42 
62 83 102 

122 ;^4 


1 3 5 72 
92 11 13 15 


2 6 
8 

10 14 


6 


4 6 10 12 


3 52 7 
9 ll2 13 


2 42 62 
82 

102 122 14 


3 5 7 
9 11 13 


1 3 5 72 
92 11 13 15 


2 6 

82 

10 14 16 


1 7 9 15 


7 


5 11 


4 6 10 12 


3 5 7 
9 11 13 


4 8 12 


2 6 

8 

10 14 


1 7 9 15 


8 16 
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Type Es {h - 2 = 28) : 



k\k' 


1 


2 


3 


4 


5 


6 


7 


8 


1 
i 


10 
18 28 


1 9 11 
17 19 27 


2 8 10 
12 16 
18 20 26 


3 7 9 
11 13 
15 17 
19 21 25 


4 6 
8 10 
12 142 16 
18 20 
22 24 


5 9 13 
15 19 23 


5 7 11 

13 15 
17 21 23 


6 12 
16 22 


2 


1 9 11 
17 19 27 


2 8 
10^ 12 
16 18^ 
20 26 28 


13 7 
92 ll2 13 
15 172 192 
21 25 27 


2 4 6 
82 102 
122 ^g2 
182 202 
22 24 26 


3 52 72 
92 ll2 133 
153 172 192 
2l2 232 25 


4 6 
8 10 
12 142 16 
18 20 
22 24 


4 62 
8 10 

122 ;^42 iq2 

18 20 
222 24 


5 7 11 

13 15 
17 21 23 


3 


2 8 10 
12 16 
1 Q on 9fi 

-LO 


13 7 
92 ll2 13 
15 172 192 
21 25 27 


2 4 
6 82 10^ 
122 iq2 
18^ 202 22 
24 26 28 


1 3 52 
72 92 ll3 

133 153 
lj3 ig3 2^2 

23225 27 


2 42 63 
83 103 12* 
16* 183 203 
223 242 26 


3 5 72 
9 ll2 132 
152 172 19 
2l2 23 25 


3 52 72 
92 ll2 133 
153 172 192 
2l2 232 25 


4 6 
8 10 

12 142 16 

1 Q on 

22 24 


4 


3 7 9 
11 13 
15 17 
19 21 25 


2 4 6 
8^ 10^ 
12^ 142 16^ 
18^ 20^ 
22 24 26 


1 3 52 
72 92 11^ 

133 153 
lj3 ig3 2l2 

23225 27 


2 42 
6^ 8^ 10" 
12" 14" 16* 
18* 20^ 22^ 
242 26 28 


1 32 53 
7* 9* 11^ 
13^ 15^ 

lj5 ig4 2l4 

233 252 27 


2 4 62 
82 102 

123 ;^42 ]^g3 

182 202 
222 24 26 


2 42 62 
83 103 

123 ;^44 ig3 

183 203 
222 242 26 


3 5 7 
92 11132 
152 17 192 
21 23 25 


5 


4 6 
8 10 

12 14^ 16 
1 Q on 

22 24 


3 52 72 
92 ll2 133 
153 172 192 
21^ 232 25 


2 42 6^ 
8^ 10^ 12" 
16* 18^ 20^ 
22^ 242 26 


1 32 53 
7* 9* 11^ 

135 155 
175 194 21* 
233 252 27 


22 43 
6* 8^ 10^ 
126 146 16'' 
18® 20^ 22* 
243 262 28 


1 3 52 
72 93 ll3 

133 153 
173 193 2l2 
23225 27 


1 32 52 
73 9* 11* 
13* 15* 
17* 19* 2l3 
232 252 27 


2 4 6 
82 102 

122 ;^42 ;^g2 

182 202 
22 24 26 


6 


5 9 13 
15 19 23 


4 6 
8 10 
12 142 16 
18 20 
22 24 


3 5 72 
9 ll2 132 
152 172 19 
2l2 23 25 


2 4 62 
82 102 
12^ 142 16^ 
182 202 
222 24 26 


1 3 52 
72 93 ll3 

133 153 
173 193 2l2 
23225 27 


4 6 
8 102 

12 142 16 
182 20 

22 24 28 


2 4 6 
82 102 
122 142 iq2 

182 202 
22 24 26 


3 7 
9 11 13 
15 17 19 

21 25 


7 


5 7 11 

13 15 
17 21 23 


4 6^ 
8 10 
122 142 ig2 

18 20 
222 24 


3 52 72 
92 ll2 133 
153 172 192 
2l2 232 25 


2 42 62 

8^ 10^ 
123 14^4 iq3 

183 203 
222 242 26 


1 32 52 
73 9* 11* 
13* 15* 
17* 19* 2l3 
232 252 27 


2 4 6 
82 102 
122 142 ig2 

182 202 
22 24 26 


2 4 
62 82 103 
123 ;^42 iq3 

183 202 222 
24 26 28 


15 7 
9 ll2 13 
15 172 19 
21 23 27 


8 


6 12 
16 22 


5 7 11 

13 15 
17 21 23 


4 6 
8 10 
12 142 16 
18 20 
22 24 


3 5 7 
92 11 132 
152 17192 
21 23 25 


2 4 6 
82 102 

122 ;^42 

182 202 
22 24 26 


3 7 
9 11 13 
15 17 19 

21 25 


15 7 
9 ll2 13 
15 172 19 
21 23 27 


6 10 

12 16 
18 22 28 



For each ADE case, one can easily check the foUowings. 

(i) One has €{k, k') = (t{k', k) for any k, k' G 11. This imphes, for any k, k' G 11, 
B.omHMF^j^{f){Mn, M^',) ^ B.omHMF^j^{f){Mn'> , M^„) holds for some n,n,n" E Z such 

that 4>'^„ - <^^: = - 0t 

(ii) A consequence of the Serre duality f Theorem 13.61 (in))- 

dimc(Hom^MFf[(/)(M^,M5)) = dimc(Hom^Afn'(/)(M5, 5(M^))) , 
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can be checked as follows. For an indecomposable object G HMF^^{f), /c"^ G 11 
denotes the vertex such that [F{S{M^))] = [M^""] G U. Then, for the Efiven mult i- set 
€{k, k'), one has (t{k', k^) = {h - 2 - c \ c E t{k, k')}. 
(iii) One can check Theorem 13.61 fh-b): for any two indecomposable objects M^,M^, G 
HMF^if), dimc(HomHMF-(/)(M^,M5)) = 1 if h\4>^^, - ^^1 = d{k,k'). Correspond- 
ingly, one has jj{c G <t{k,k') \ c = d{M^, M^')} = 1. In addition, the Serre duality 

implies that dimc(HomHMF?[(/)(M^, M^)) = 1 if - 0nl = h-2- d{k^,k'). 

Namely, one has ti{c G €{k,k') \ c = h-2- d{k^,k')} = 1. These facts, together 
with Corollary 13.111 imply that (t{k, k') = €.{k\ k) is described in the following form: 

<L{k, k') = {ci, ■ ■■ ,Cs} , d{k, k') = ci < C2 < ■ ■ ■ < c^-i < Cs = h - 2 - d{k^ , k) 

for some s G Z>o. 

Appendix A. Another proof of Theorem 13.11 by Kazushi Ueda 

In this appendix, we give another proof of Theorem 13.11 which avoids the use of the 
classification of Cohen-Macaulay modules on simple singularities due to Auslander jX] and 
is based on the theory of weighted projective lines by Geigle and Lenzing |GL11 IGL2j and a 
theorem of Orlov j02j on triangulated categories of graded B-branes. 



A.l. Weighted projective lines of Geigle and Lenzing. Let A; be a field. For a sequence 
P = of nonzero natural numbers, let L{p) be the abelian group of rank one gen- 

erated by four elements xq , Xi , X2 , c with relations PqXq = piXi = P2X2 = c, and consider the 
/c-algebra 

R(p) := k[xo, xi, X2]/{xl° - xf + xf ) 

graded by deg(xs) = x^ G L{p) for s = 0, 1, 2. Define the category of coherent sheaves on the 
weighted projective line of weight p as the quotient category 

qgri?(p) := gr-i?(p)/tor-i?(p) 

of the abelian category gT-R{p) of finitely-generated L(p)-graded i?(p)-modules by its full 
subcategory tor-i?(p) consisting of torsion modules. This definition is equivalent to the 
original one by Geigle and Lenzing due to Serre's theorem in |GLH section 1.8]. Let tt : 
gr-R{p) qgi R{p) be the natural projection. For M G gr-i?(p) and x G L{p), let M(x) 
be the graded i?(p)-module obtained by shifting the grading by x; M{x)fi = Mfi^^, and put 
0{n) = 7rR{p){n). Then the sequence 

(Eo, ...,Em) = {O, 0(xo), 0(2xo), ■ ■ ■ , O{{po - l)xo), 
0{x,),0{2x^),■■■ ,0{{p2-l)x2),0{c)) 
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of objects of qgr _R(p), where N = pq + pi + p2 — 2, is a full strong exceptional collection by 
|GL11 Proposition 4.1]. Define the dualizing element u G L{p) by 

00 = C — Xq — Xi — X2 

and a Z-graded subalgebra R'{p) of R{p) by 

R\p) = R\p)n, R\p)^ = R{p).na. (A.l) 

n>0 

A weight sequence p = {po,Pi,P2) is called of Dynkin type if 

1 1 1 
— + — + — > 1. 

PO Pi P2 

A weight sequence of Dynkin type yields the rational double point of the corresponding type: 

Proposition A.l ( |(tL2| Proposition 8.4.]). For a weight sequence p of Dynkin type, the 
Tj-graded algebra R'{p) has the form 

k[x,y,z]/fp{x,y,z) 

where fp(x,y,z) is the polynomial of type Ap^g if p = {l,p,q), D2i~2 if P = (2,2,2Z), -D2«-i 
z/p = (2,2,2/ + 1), Ee if p= (2,3,3), Ej if p= {2,3, A), and Es if p= (2,3,5). 

Moreover, we have the following: 

Proposition A. 2 ( |GL21 Proposition 8.5]). For a weight sequence p of Dynkin type, there 
exists a natural equivalence 

qgr R{p) = qgiR'ip), 

where qgrR'{p) is the quotient category of the abelian category gT-R'{p) of finitely-generated 
Z-graded R' (p) -modules by its full subcategory toT-R'{p) consisting of torsion modules. 

A.2. Graded B-branes on simple singularities. For the Z-graded algebra R'{p) given 
above, define the triangulated category of graded B-branes as the quotient category 

Dg{R!{p)) := D\gT-R!{p))/D\gTwo]-R!{p)) 

of the bounded derived category D'^{gT-R'{p)) by its full triangulated subcategory D^(grproj--R'(p)) 
consisting of perfect complexes, i.e., bounded complexes of projective Z-graded modules |02j . 
Df^{R'{p)) is equivalent to HMF^^^ ^ ^^{fp). Note R'{p) is Gorenstein with Gorenstein pa- 
rameter one, i.e., 

\{1) Hi = 2, 



Ext\{k,A) 



otherwise, 
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which follows from, e.g., |GW1 Corollary 2.2.8 and Proposition 2.2.10]. Thus there exists a 
fully faithful functor $o '■ Df^{R'(p)) — > D^(qgi R'{p)) and a semiorthogonal decomposition 

D\qgrR'{p)) = {Eo,%DlliR'ip))) 

by |()2| Theorem 2.5.(i)]. Therefore, Df^{R'{p)) is equivalent to the full triangulated subcat- 
egory of D^{qgT R'{p)) generated by the strong exceptional collection {Ei, . . . , E^). Its total 
morphism algebra End(^"^^ Ei) is isomorphic to the path algebra of the Dynkin quiver 



Xo * 2fo ^ * (Po - 1)^0 





Xo 


Xi 


Xi 


X2 


X2 



Xo 



Xi Xi Xi Xf. 

A(p) : xi 2x1 ^ {pi - 1)^1 

X2 X2 X2 X2 
X2 * 2X2 " * {P2 - 1)^2 

of the corresponding type, obtained from the quiver appearing in |GL11 section 4] by removing 
the leftmost vertex. Since -D|g(-R'(p)) is an enhanced triangulated category, the equivalence 
Dg^{R'{p)) ~ D^(mod-CA(p)) follows from Bondal and Kapranov |BK| Theorem 1]. 
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